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PATHS OF TARGET=-SEEKING MISSILES IN TVvO DIMENSIONS .
By Charles E. ¥atkins

SUMMARY

A rather detailed discussion is given of some of
the parameters that enter into the equation of the path
of a missile which is made to pursue a moving target.
The missile was assumed to be gulded by a target seeker
that might be employed in any one of several ways. Four
particular methods of employlng a target seeker were
assumed for discussion. These methods and the designsa-
tions of the resulting motion are:

(1) If the target seeker is installed in the missile
so that the axis of the field of view of the target
seeker 1s always varallel to the longlitudinal axis of
the missile, the resulting motion is called normal pur-
sult navigation.

(2) If the target seeker is installed in the
missile so that the axls of the field of view of the
target seeker makes a constant angle with the longi-
tudinal axis of the missile, the resulting motion 1is
called constant navigation.

(3) If the target seeker is installed in the
missile in such a way that the axis of its fleld of
view turns through an angle that is a definite oropor-
tion of the angle turned through by the axis of the
missile, the resulting motion is called proportional
navigation.

(L) Tf the terget seeker i1s installed on or near
the launching station and made to direct a bsam of
radio signals at the target so that the missile can be
made to fly in this beam of signals to the target, the
resulting motion is called line-of-sight navigation.

For each method considered for use of a target
seeker, the differential equations of highly simplified
two-dimensional oursuit paths are presented. 1In the
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cases of normal pursuit and constant navigation, analyti-
cal solutions of the differential equetions of the
8implified pursult naths were obtalned and evaluated

for some 1llustrative examvles, It 1s shown that, for
these cases, nursult paths with finite curvature are
obtained only if the ratio of the velocity of the missile
to that of the target is less than 2. Differential-
analyzer solutions of the equetions for nroportional
navigation 9re oresented for different rates of naviga-
tion and for different initial conditions. The pursult
paths resulting from nrovortional naviratisn generally
improve as the rate of navigation is increassed and/or

as the ratio of the velocity of the missile to that of
the target is increased. Proportional navigation is
concluded to be by far the basst of the methods con-
sidered for using a target seeler instsaslled in a missile.
The equation of line~of-saight paths was reduced to
functions of elliptie integrals and to a simnler fom
for numericel evaluation. They were evalusted for some
particular conditions. The curvature of line-of-sight
paths 1s generally finite. 1In all cases the effaect on
the nature of the pursuit paths of the imo-ortant factors
of reletive speeds of the miassile and target and the
relative locations and directions of flight of the
missile and target at the beginning of the pursuit are
brought out.

The effects of increased sngle of attack and side-
slip due to turning were not taken into account in the
analysis but these effests are briefly discussed. The
worlr 13 intended only as a guide to be used in deter-
mining the manner in which a target seeker can be used
to best advantage for a given problem.

INTRODUCTT ON

It 1s prooosed that a missile of the type that
flies as an ordinary 2irnlane can be made to nursue and
Intercept a moving target by equippring the missils »ith
an automstic nilot which would be esctusted by signals
from a target seeker. A target seeker iIs a device that
can detect the osresence of certain objects or targets
within its f1eld of view by one of several methods such
as by heat, light, or sound ewitted from the tariet or
by rescently develoved radis ejuiopment.
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The field of view of the target seeker can be con=-
sldered as a cone with its vertex in the seeker, As a
target moves in this cone,the target seeker can be
arranged to give signals that are related to the dis-
placement of the target from the axis of the cone and
the distance of the target from the target seeker.
These signals can thus be used to direct the automatic
pilot to guide the missile toward the target.

It is further provosed that, for the opurpose of
guiding a missile to a target, the target seeker may be
installed either in the missile or on or near the device
used for launching the missile. If installed in the
missile, the target seeker may be arrtnged either to
have some specified fixed vposition or to turn in some
nrescribed manner and, in elther case, to transmit
signals directly to the autoratic pilot. If installed
on or near the launching device, the target seeker could
be arranged to turn in all directions so that the target
can be kept automatically in the center of its field of
view and thus directly contacted by a beam of radio
signals. By means of radio equipment the missile can
then be made to fly in this radio  beam and thereby to
remain between the target seeker and target until it
reaches the target. The missile may be launched from
an airplans,a ship, or a stationary ground station.

If the assump>tion is made that a missile, equioped
in some manner as previously proposed, will pursue a
moving target and that the target-seeking equioment does
not render it dynamically unstable, the nature of the
theoretical flight path (which will hereinafter be
called pursuit nath) and thus the mansuvers (direction
and rate of turning) required of it to follow the path
depend on the vath of the target, the relative speeds
of the target and missile, the relative directions of
flight and locations of the target and missile at the
beginning of the pursuit, and finally, to a great extent,
on the manner in which the target seelter 1s emnloyed.

If a comparison of pursuit paths that might be
obtained under different conditions is desired, some
qualitative bases must be established by which the
paths can be compared. Tnasmuch as the adverse aero-
dynamic effects encountered in turning an aircraft
increase with the rate of turning, the principal basis
for comparison should be the rate of turning required
of the missile to follow the path. The path that
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requires a minimum rate of turning therefore can gener-
ally be considered the best path. Other factors to be
considered are the point along the path at which the
maximum rate of turning is reguired, the accurscy with
which certain required parameters leading to a narticular
type of path can be detervined within the time that may
be allotted, and the direction from which the missile
anproaches the target at the end of the »ursuit.

For any particular method of emnloying a target
seeker, the problem of determining the actual flight path
is in general an exceedingly difficult task that involver
an enormous amount of comnutation. Nevertheless, by
choosing differert methods of enrloying a target seeker,
neglecting serodynamic effects, and wmaking some highly
simplifylny assumptions, tlieoreiicol paths can be
obtained th&t indicate the effects that some of the
Al fferent ractors determining the flight path have on
the nature of the nath. Xnowledce gained from the study
of simplified ceses serves as a gulde in arriving at o
satisfactory method of employing a target seeker #nd
sul table values of any arbitrary narameters that .right
affect the nature nf the flight paths for the more
general and difficult cases.

The purpose of the present paper is to investigate
sone nosslible methods of using a target seeker and to
derive corresoonding »ursult paths. A comperison is made
of pursuvit paths obtained under similar conditions for
different methods of using & target seeker. Th» effect.
on the nature of the paths 2f the iwmvortant factors of
relative spe=ds of the missile and target and the relative
locations and directions of flizht of the missile and
targef at the beginning of the pursuit are discussed in
detall.

SYNMBOLS
The symbols used in this discussion are defined sas
follows;

X, ¥ Certesian coordinates denoting position of
missile at any glven time

Xps Yy coordinates of target =2t any glven time referred
to coordinute swvste . of ulsslle
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distance from vertical axis to target path
axis of field of view of target seeker
time

velocity of missile

velocity of target

ratio of velocity of missile to veloclty of
target (V/Vq)

distance from missile to target at any given time

angle (positive in counterclockwise direction)
betwean direction of flight and reference line
joining initial vosition of missile and target

angle (positive in counterclockwise direction)
between axis of fleld nf view of target seeker
ané reference line joining initial position of
missile and target

angle (positive in counterclockwise direction)
between X-axls and reference line Jjoining
initial position of missile and target

'
&

(Q is always in the range -%(Q < -;-)

constant angle (positive in counterclockwise
direction) that longitudinal axis of missile
makes with axis of tsrieteseeker field of
view; anplies only to constant navigation

ratio of angle turned through by missile to
angle turned through by target seeker (4/¢).
Measured relative to reference axlis; applies
only to pronortional navigation

angle of sideslio

rate of curvature G%;

N cos O

i Vr - stinzo

A

(apnlies only to constant navigation)
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arc sin (N sin o) (applies only to constant
navigation)

P =

Subscoripts:
0 inttial values

max maximum

SIMPLIFYING ASSUMPTIONS

Lo Baaides neglecting aerodynamic effects the following
- siwplifying assumptions are made;

(1) The target moves in a straight line.

(2) The missile and target move at constant speeds
and remaln in the same geometrical plane.

(3) The target seeker, sutomatic pilot and missile
respond immediately to correct any deviatlon of the
target from the axis of the field of view of the tairget
seeker.

(L) The missile slways moves in the directlon of
its longitudinal axis.

Although the aerodynamic effects are totally neg-
lected in deriving the equations of the pursuit vaths
discussed herein, the final sectinn of the re»ort pre-
sents a brief dlscussion of the effect that chanze in
angle of attack and sideslip due to turning mizht have
on the peths,

METFODS ASSU¥ED FOR USING A TARGET SEEKIR

The different methods assured for uslng a target
seeker ancd the corresponding terms used to designate
the method and the resulting pursuit curve are explained
in the paragraohs that follow.
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Normal-nursuit navigsation.- If the target seeker 1s
assumed to be fixed in the missile so that the axls of
the field of visw of the target seeker is parallel to
the longitudinal axis of the mlssile, the missile would
presurifoly always go directly toward the target. The
motion is called normal-vursuit navigation and the pur-
suit path resulting from such motion is called a normal-
pursuit vath. Figure 1l(a) shows the geometrical setup
used to determine the eguations of such a path. The
longitudinal axis of the missile, the direction of 1ts
motion and the axis of the target-seeker fleld of view
are all made to coincide. The differential equations
of the normal-pursuit path can be integrated by simple
methods and reduced to simple formulas for computation.

Constant navigation.- If the target seeker 1s
assumed to be fixed in the missile with the axis of its
fileld of view at a given angle relative to the lonzi-
tudinal axis of the missile in such a way that the
missile always leads the target, the resulting motion
of the missile i1s called constant navigation. Fig-
ure 1l(b) shows the geometrical setup used to determine
the equations of the pursuit vath resulting from con-
stant navigation. The longitudinal axis of the missile
and its direction of flircght are assumed to coincide.

The differential equations of the nursult path resulting
from constant navigation can be integrated by simple
methods out the resulting formulas are tedious to handle
in computational work.

Pronortionul navigation.- If the target seeker is
installed in the missile in such a way that the axis of
its field of view turns through an angle that is a
definite vrovortion of the angle turned through by the
longitudinal axis of the missile, the resulting motion
of the missile i1s called orojortional navigation. Fig-
ure 1(d) shows the geowetrical setup ased to determine
the equations of the »nursuit path resulting from pro-
vortional nevipation. The longitudinal axis of the
missile and the directlon of its motion are assumed to
coinclde. The differential equations of the pursuit
path resulting from proportional navigation cannot be
integrated in closed form; however, they are easy tn
evaluate by numerical methods. Solutions were obtained
for this report of a number of special cases on the
differential analyzer of the General Electric Company.

- CONFIDENTIAL
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Line~of-sight navigation.- If the target seeker 1is
installed on or near thLe an>eratus used for launching
the missile ard is made to direct & beam of radio signals
to the terget for the missile to fly in, the resulting
motion is called line-of-sight navigation, and the
resulting nursult curve is called line-of-sight nath.
Figure 1l(e) shows the geometrical cetup for this case.
Although tle differentisl equation of the line-of-sight
path cannot be integrated, 1t can be reduced to form
sultable for nirerizal ¢valuwtinn or it cun be
reduced to parametric functions of elliptic integrals of
the first and second kinds.

DISCUESION

The differential equations of nursult naths resulting
from the different tynes of navigation defined will be
solved, when possible. The deriveticn of the differaential
equations of normal pursuit naths will be tesken up in
detall and, since the equaticns for constant and oropore-
tional navigstion can be derived in an analsgous manner,
it will suffice when those cases are reecched simoly to
write the avpropriate equation.

Hormal-~Pursult Navigation

“Tquations of normal-nursvit path.- In figure 1(a)
the Cartesian coordinate axes are chosen so that the
origin revresents the initial nosition of the misslle
and (x, y) 1its rcsition at eny time .t. The x-axis
13 chosen pervendicular to the cath line of the target
so that the equation of the osth of the target
becomes x = a., The target is assumed to move in a
positive direction along this line from its initial
position (s, yTO) to (a, yp).

With the geometry of the problem thus established
the required equation can be obtalned. By equating
equel expressions of time, the eyurtion

V(.dm)'2 _ _V(ax)2 + (ay)2

Vo v
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1s obtained. - Since the. target i{s. always in the tangent
to the path'of the 'nissile a. second relation

-

T'Y —x(a-x)

is obtained.

*. ‘Equations (1) .gnd (2) ‘san, be: combined and integrated
in Cartestan form -but it. w-illl_’-‘be'-oonvenient for other
considerations to méke the, fol :

=V F th

the equations ot‘ the vath become
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%-.: (tan (¢ + ) - N sec (¢ + Q)] ac (5)

- Integrating equation (5) and evaluating the constant
of integration at t =0 gives

' N2 N/2
R=Rop ooaﬂ(.l."_“'l_f.?) sec (¢ +ﬂ)l.1' sin (¢ + Q" (6)

1-sin 0 1+3in (¢ +90)

In equation (6), as the value of P ranges from

to zero the value of € ranges from zero to (90 - Q).
Therefore, regsrdlsss of the values that F,, , 8and K
mizht have, the pursuit path will always end tsangent to
the nath of the tarpet., Tf the missile is sssumed to be
canable of the turning that might be required to follow
the path it will always catch the target by going directly
in behind it. Tnasmuch as countermeasures could be

easlly devised to destroy a missile in such a tail-chase
posi tion, this anoroech 1s considered a great disadvantage
of normal vpursuit navigation.

The time t corresponding to the value of R in
equation (6) for a given value of ¢ is obtained from

€
f B de
o cos (e + ()

= N {p_o(N+ 8in ) ~R[N+ sin (t+QD} (n

V(N = 1)

The Cartesian coordinates (x, y) of the two=-
dimensional normal-pursuit »ath for any given valuss of
of N, , and Q can now be obtained from equa-
tions (3), (6), and (7).
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Rate of curvature.- The rate of curvature of the

normal-pursuit path or the rate of turning required by
& missile to follow the nath is given by

X

\')
='?T cos (¢ + Q)

1-s8in (¢ +02)

y cosZ(e + Q) 1+sin le+ D 8
qfLl+sin Q N/2 ®

1-8inQ)

From equation (8), for given values of N and {J,
finite rates of curvature for varticular values of € are
seen to be inversely proportional to P-:)' Thus from the

consideration of curvature a normal-pursuit psth zZener-
ally improves as the value of R, 1s increased. The

function of N and 1 sanoearing in the first bracket
of equation (8) can be written as

1 * . _{cos Q)N-I

h N
¥ cos 0 (Lt sin AV2  N(1 +sin Q)
- sin Q)

For any pnarticular value of N > 1 the value of
equation (9) increases as { decreases from I

toward -g; therefore, better normal-pursult paths are
obtalined for larger values of {J.

CONF1DENTIAL
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The effect of N on the rate of curvature of a
normal pursuit path can be seen by ccnsidering the last
two factors of equation (8). These factors zan be written
as

N+2
N/2 2
cos®(c +n)|:1”1n (e *")] - [Lrstn e+ n)lﬁ-Z (10)

1-3sin (e + Q)

2
L-sin (e +O)]

If the value of N 1s in the range 1< K S 2 the
exponent of the denominator of equation (10) is negative
or zero and the value of equation (10) is finite for all
values of €., For 1 < N <2 the curvature is zero at
the end of the »ursuit. If N > 2 the exponent of the
denominator of eguation (10) is positive and the curva-
ture hecomes Infinite as € (90 - Q). If, therefore,
normal-pursult naths that have a finite rate of curva-
ture at all noints are to be obtsined, the ratio of the
velocity of the missile to that of the target must not
be greater than 2.

T™e fact that the curvature of the path becores
infinite does not necessarily exclude the higher values
of N. As ¥ increases beyaond 2 the noint along the
nath at wvhich 2 given finlte rete of curvature is reached
moves toward the path of the target. A value of N > 2
cen thus be deterrined that wlll cause the glven rate of
curvature to nccur when the missile is so neesr the tariet
that, for all nractieal nurposes, it can be considered
as having hit the targzet without having gone into a tall
chase. Such values of M are comparatively large and
for targets as fast as modern air:lanes would require
exceedinzly high-sneed missiles.

For examnle, & wigsile that could pull 15g normal
acceleration in a steady turn would have to travel at
the rate of 12,000 feet ner second to come within 200 feet
of a target that moved 500 feet ner second along a straight
afurse with the initisl conditions Ry = 50,000 feet,
= Q,
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A series of curves obtained from ejuation (13) for
values of N in the range 1 < N< 2 and for values
of 1} at intervals of 15° from -45° to Li5° are shown
in figure 2. By interpolation the curves can be used
to estimate the distance from the target at which the
maximum curvature occurs for any value of Ry for the

ranges of values covered by {1 and N.
The value of the maximum rate of curvature for

1 < N<2 1is obtained by substituting equation (12)
into equation (8)

oA\ /s . w12
Knax = Y <%;hNh:><§ - ;) (14)
Ry 008 0 (1 + 8in Q)N/2 ‘

1 - sinQl

If both members of equation (14) are multiplied
by Rg/V, this equation becomes of & nondimensional

nature that can be evaluated and plotted for different
values of 2 and Y.

A plot of this kind can be ussed, by internolation,
to eatimate the maximum rate of curvature for any values
of Ry and V for the rang:s of values covered by f}
and N. 1In figure 3 the valuss obtalned from equation (1k)
multinlied by P4/V for values of  at 15° intervals
from =L5° to 1i5° and values of ¥ in the range 1< NS 2
have been converted to degrees and pnlotted against N.
The dashed curve shown in figure 3 indicates the value
of N that gitves a minimum value of maximum rate of
curvature for a given value of I, It is plotted from
noints obtained by differentiating equation (1) with
respect to N, equating to zero, simplifying and solving
the resulting eguation for N when partlicular values are
agsigned to (). The derivation of the equation follows:

AKnax = Knax log 2 + N\/1l - sin Q\| _2
aw 2 2-n\u+sin/| ¥
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2 + M\/1 - stn Q\| 2 _
log (2 : Q(Hm n) 20 (15)

Illustrations.- In order to illustrate further the
effect of the value of N and )} on the nature of
normal-pursuit paths, figure L is presented, which shows
a number of such paths and the corresponding rates of
curvature for different values of these parameters. The
pursuit paths are plotted so that they can be made to
avply to all values of Rg. The curves of the rate of

curvature, which has been converted to degrees, require
the knowledge of R; and V for evaluation.

Constant Navigation

Equation of path resulting from constant navigation.-
Yhen the target seeker 1s fixed so that the axls of its

field of view makes a constant angle O relative to the
longitudinal axis of the missile the differential equa-
tions corresvonding to equations (L) and (5) for normal-
pursuit paths are

= %[-VT cos (¢ + ) -V sin GJQ

\ (26)

Vp 8in (€ + ) «=Veos o

Vp sin (¢ + Q) - V cos ©
Vp cos (¢ +0]) -V sino

de

sin (¢ + ) - N cos O
cos (€ + Q) -~ Nsin o
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If Vqp 1s made zero, equation (17) leads to the

commonly known logarithmic spiral. For other values
of Vp and for positive values of O such that

6 < arc sin 1/N, equation (17) can be integrated to
glve _

A~
cq _feos (¢ + ) - sin E] - (18)
[l - sin E cos (¢ + Q) + cos E sin (¢ + 3]

N sin ©

= Vl - Nzainaa

N cos

W- l\.'zain2 g

A=

Ro(l - 8in E cos Q + cos E sin o)A
1

C, = A-
(cos Q- sin E)

In equation (18), as the value of R ranges from R,

to zero, the value of ¢ ranges from zero to -g--E - n).

The angle at which the pursult path and target pnath meet
i1s therefore (% - G), which is not zero for o # O
and N # 1. Tall chases are thus avoided, but near tail

chasea will occur if O 13 small,
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The time t corresponding to R in equation (18)
: for a given value of ¢ 1is obtalned from

€

R de .
VT cos (¢ + 1) - V sino .
0

NR
VA(A2 - 1) cosdE

sin E [bos (¢ + Q) - sin 3

= Acos E[sin (¢e+ Q) + A cos E]}+ Cs

where

- i (sin E (c0s Q - sin E)
VA(AS = 1) cos3E

- Gz

- Acos E (sin 2 + A cos E)]

gquations (18) and (19) and the substitutions given in
equation (3) make it possible to compute the Cartesian
coordinates of the path for given values of N, Ry, 02, A

and O,
Rate of curvature.- The rate of curvature at any
point along the nath is given by

=4y_4dc Vv - '
. K=3% ~at - g o8 (¢ + Q) - sin g ;
.~ . {[1 -sin B cos (¢ +0) +cos E sin (¢ + ﬁ)]_A_ -(21) ;
NCy [cos (¢ + ) - sin E:IA-2 :

where C, has the same value as in equation (18).
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From the expression given for ¢;, finite values of

the rate of curvature for particular values of € appear
to be inversely proportional to the initlal distance Rj

for given values of ¥, 2, and o. It will be shown
that two cases arise where this statement is not true.

From the exponent of the denominat~r of equation (21)
iIf 1< A<K2, the curvature is seen to be zers when R
is zero (that is, when cos (¢ + Q) = sin E).

The effect of 2, o, and N on the nature of
opursuit paths obtained by constant navigation are so
interrelated that it 1s difficult to isolate the effect
of any one of these parameters. In view of this diffi-
culty the important effects of certain combinations of
all or part of these three parameters will be discussed.

In the factor

A-1 :
1 _ (ens Q - sin E) (22)
1l

Ro(l - sin E cos Q + cos E sin Q)

of equation (21), if i, o0, and N are so related

that cos Q = sin E, that is, if Q= #(90 - E) # O,

the value of equation (22) and hence the curvature is
zero for all values of PR. The pursuit path is therefore
a straizht line as shown in figure 1l(c), cases I(a)

and I(b). These two particular cases constitute the
excertion to the effect of RO mentioned previously.

Although straight line .eths are ideal from the
consideration of curvature, they would likely be
unobtainable in actual practice by constant navigation.
The value of the parameters under discussion would have
to be known exactly. A small error in the evalusation
of the parameters for such a path might lead to a pnath
with very high curvature.

If the value of Q 1in equation (22) is in the
range =-(90 - E) < 2< (90 - E) rursuit paths of the
type shown as cases II(a) and II(b) in figure 1l(c) are
obtained. If Q 1is greater than (90 = E) or less
than =(90 - E), pursult vaths of the tyoe shown as
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cases III(a) and III(b) are obtained. The sign of the
curvature in cases III(a) and III(b) 1s noted to he
opposite to that of cases II(a) and II(Db).

Combinations of the parameters (i, o, and N
that lead to infinite rates of curvature will be shown

when the expression for the maximum rate of curvature is
derivead. .

The value of ¢ for which the maximum rate of
curvature occurs 18 obtained by differentiating equa-

tion (21) with respect to ¢ and equating the results
to zero, which gives

aK _ v [1 - sitn E cos (¢ + Q) + cos E sin (¢ + Q)]A
de - NC]_ A-1

[cos (¢ + Q) - sin E)

X [AcosE=-2sin(c +Q)] =0

sin (¢ +0) = Aco8 E_Ncos g
2 2

0< N cgs olg 1

The value of (€ +)) in terms of N and ¢ in
equation (23) substituted into equation (18) gives

(VL - Ncos®g - 2 sin E)A-l

(2 - sin E Jh - FcosSg + N cosaa)

R = 2C,

A
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as the distance from the target at which the maximum
rate of curvature occurs. Equation (24) divided by
is shown plotted as a function of  for particular
values of N and O 1in figure 5.

The value of the maximum rate of curvature for
0< 3‘—‘%’-—"— <1 13 obtained by substituting the value

of (€ + Q) in terms of A and E found in equation (23)
into equation (21), which gives

A
= ¥ (2 - sin B YL - 2%cos®E + A cosZE)_
Kﬂﬁ! = thl ' . 22
(ﬁ - A cos—aE - 8in E)

(25)

By use of the relations

the bracketed term in equation (25) can be expressed as
@ function of A and N and the expression becomes
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Limit

€ > g-- (¢ + Qi}

. A
V [1 - 3inE cos (¢ + D) + cos E sin (¢ + Q)]
NC
1

(28)
[cos (¢ + Q) - sin E]A'a

In the range of values of A >2 the nolnt along the
oursuit poath at which a given rate of curvature occurs
moves toward the path of the target as A 1Ing¢reases;
therzfore, A =2on iz made large enough to bring the
missile so near the tzrget before any appreciable turning

is required that it can be considered to have hit the
target.

The value in degrees ver unit of time of the maximum
rate of curvature multiplied by Fp and divided by V
for particular values of N and O 1is plotted in fig-
ure 8 as a functinn of  for values in the range
-(90 - E) Q< (90 - €). In figure £ for values of N
near 1.2 small maximum rates of curvature corresponding
to a wide range of values of {& and o occur; as N
increases, the range of valuss of Q and ¢ that give
finite rates of curvature decreasse. For values of Q
outside of the range -(90 - E)< 21 € (90 - E), the
rate of curvature always increasses as R decreases.

Illustrations.~ Figures 2 and 10 show some illus=-
trative pursuit oaths and the corresponding rates of
curvature obtained from constant navigation for various
values of N, £, and o©. The curves are nlotted in
the same nondimensional form as those of normal oursuit.

Proportional Mavigation

Unfortunately, the differential equeations of the
paths resulting from nrovartinonel navigation can be
integrated in closed form for only special cases. The
general treatment gilven the squations for normal pursuit
and constant navization cannot be given. The case for
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a 2:1 rate of navigation can be integrated to yield R,
X, and K but not t and y. This case is therefore
discussed and conclusions for low rates of navigation
can be drawn from the results. Solutions for other rates
of navigation obtained by the differential analyzer will
be presented and discussed.

Although 1t has been assumed for this discussion
that target-seeking aircraft are not rendered dyneamically
unstable by the target seeker, this assumntion may be
unjustifiable, especially for high rates of crropcrtional
navigation,

Equation of path resulting from 2:1 proportional
navigation.- The differential equations of the path
resulting from an n:1 rate of proportional navigation
are

-

- 31 - -
R[VT cos (¢ + Q) V sin (n l)c]

= [VT sin (¢ +Q)) - V cos (n - 1)‘]

dR sin (¢ +()) - N cos (n - 1)¢ de (20)

R cos (¢ + ) - Nsin (n - 1)e¢

Equation (30) can be easily handled by numerical
methods for any value of n. The range of ¢ 1is from
gero to the solution of

cos (¢ + Q) = Nsin (n ~ 1)e =0 (31)

The angle at which the pursuit path and target path
meet is
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%- (ne + Q) | . (32)

Tail chases are therefore not encountered.
Vhen n = 2 equation (30) becomes

dR___sin (e + Q) - N cos edt

R cos (¢ + Q) = N sin ¢

which can be integrated to give ,

1
N°-1 Ne+142Nsin)
] -2Necos

cos {l

R =R, [cosjc +{) -N eine€ (3L)

Equation (31) now becomes

cos (¢ + () - N sine =0 (35)

" for which the solution is
€ = arc tan (___0_9_8__9__) . (56)
N+ sin

The angle at which the pursuit peth and target path
meet 18, from equation (32) and (36),

2 (N° - 1) cos Q

X _ are tan I:ZN + (N + 1) sin Q] (3
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provided that (1 + N sinQQ) > 0. Differentiating equa-
tion (39) with respect to ¢ and simplifying glves

aK
a¢

= -%% sin (¢ + Q) (40)

from which, 1f Q 2 0, the slope of the curve representing

the rate of curvature is seen to be negative for all
values of ¢ 1in the reange

0<€ ¢$ are tan —cosQ
¥+ sin Q

The maximum rate of curvature is therefore at the initial
point of the pursult nath and continuously decreases to
zero as R—>0. The maximum value can be reduced by
launching the missile so that it leads the target.

If NsinQ+1=0 or sinQ =-% (Q 1in fourth
quadrant) equation (33) reduces to

g <2V Ve - 1 eze/\/@-—f

(41)
N°Rg 4

which 1s always finite for values of N > 1. 1In this
case the greatest rete of curvature occurs at the end of
the pursult path but as N 1increases, the terms

1/{; - 1/1\"2 and 2 \/Nré - 1, the finsal value of ¢ and,

consequently, the rate of curvature at any point along
the nath all decresase.

If (N sin {1+ 1) € 0, the rate of curvature 1is
infinite at the end of the path but, as 1in the case of
normal pursuit and constant navigation, the point at
vhich a given rate of curveture occurs moves toward the
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path line of the target as N increases. If N 1is
sufficiently large the missile will be near enough to

the target before a specified rate of turning 1s required
to be considered to have hit the target; thus, for any
fixed values of Ry and 1, the path obtained from 2:1

proportional navigation 1s seen to improve as N
increases.

Differential-analyzer solutions.- Some of the results

of differential-analyzer solutions of the differential
equations for porportional navigation, plotted in the
same nondimensional form as those for normal pursuit and
constant navigation, are presented in figures 11 to 13.
Some of the curves in these figures, especially those
for which the rate of change in curvature becomes great,
do not extend to the nath line of the target because,
during the solution of the equstions, one part of the
operation of the differential enalyzer machine was con-
trolled manually. %when the rate of change in curvature
became high, operation of this control became difficult
and in extreme cases, impossible. The portion of the
curves shown should be correct to within t5 percent.

Comparisons of flight paths and corresponding rates

of curvature for O = 0 and for particular values of N
and n are shown in fisure 11(a). Figure 12 shows cor-
responding curves for = =459 and figure 13 shows a
comparison of flight paths and the corresponding rates
of curvature for =09, N =2 and different values
of the proportionality factor n. These figures show
clearly the favorable effect on the curvature of
increasing the value of N.

In figure 13 the greatest initial rate of curvature
corresponds to the greatest rate of navigation but the
greater the rate of navigation, the faster the rate of
curvature beyond the initial point a-proaches zero. If
the rate of navigation were made infinite, the rate of
curvature would be infinite for the first instant of
time and would be zero thereafter.

Theoretically, the curvature corresvonding to any
rate of proportional navigation can be made zero at all
points along the path i1f the missile is made to lead the
target by an angle
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T arc sin (cos Q)

_ In- aotual,practice this angle might be aporoximated and
the curvature at all points along the path made very
small partlcularly for small rates of navigation.

In view of the small range of values of N that
-were found” to yield finite rates of curvature for normal
pursuit. and constant navigation it eppears that pro-
portional® navigation i1s by far the best of the methods
: considered for installing a tarbet seeker in a missile.

.Iine-of-sight Navigation

tion of line-of-sigg Eat .- Although line=of-
sight navigation applies to cages where the missile is
kept either betweén a moving control station and the
target or a stationary control station and the target,
the later case is considered 1n this discussion.

e . Heferring to ‘f1gure 1¢6) the initial position of the
missile and" .the control .atation are assumed to be at the
origin of ~the Cartesfan coordinate system and the target
1s assumed to ‘travel {n a positive direction along the
line x = a.: .If 'equal expressions of time are equated the
different{al equation-

dy . 2
3 T dy 1,
H th— -
i@hgﬁ- Yt dx) (h2)

1is obtained andy from the similarity of triangles deter-
mined by -thé pofnts - (0;0), (a, O), (a,yT) and (0,0),
(x, O), (xwy~._tne relation

-’%ggﬁzlﬁo cos Q)§
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1s obtained. Eliminating Yy, from equations (}2)

and (}43) gives the differential equation of the path in
Carteslan coordinates,

NRg cos Q (Px = y) = xz\/i + P2 (4h)

= 4
F ax

Bquation (L)) cannot be integrated by simple methods
but can be reduced to a function of elliontic integrals,
80 that it can be evaluated with the aid of tables or
can b2 reduced to & simple parametric form for numerical
evaluation. Both reductions follow.

After differentiating equation (LL) with respect
to x and simplifying, the results can be written as

ax . Px _ NRy cos Q (45)
@ t21+ ) A e

which can be reduced tc the quadrature

(46)

NRO cos Q fP ap
- 2 Lf 2
Po l1+P

Substituting

sin € Vl + cosae

cosae

P =
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into equation (46) end simplifying gives

x = N‘Ro cos QQ {sin O \/{ + cosze

)
- /2 cos ef \/1-lsin29 ae
8, 2

cos B

6 do
Ve 1
o, \/* - 3 sin®Q

+

Equation (L8) exoresses the value of x as a function of
elliptic integrals of the first and second kinds. The
corresponding value of hg can be obtained from equa-

).

tions (Ll), (47), and (

Solving equations (LL) and (46) for x and y 1in
terms of integral functions of P gives

i

2\1 + P2 Yp, {71+P2

P 2
- Py - NRy cos f dp
b PO \/1 + Pa J

These expressions can be evaluated by numerical methods
to yleld the coordinates of the path.

NRocosQfP ap
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Rate of curvature.- The rate of curvature as &
function of P 1is

2v

- — (50)
NR, cos ﬁ+P2<V1+P2_ Px )

NRy cos

K=

where Po has the same sign as ). The rate of curvature
1s dependent uoon the inverse value of N and the inverse
value of P, cos (} = a. More favorable paths would there-

fore be obtalned for larger values of > 0 and for

larger values of N. An infinite rate of curvature requires
that '

(51)

The value of the right-hand side of equation (51) is
always greater than unity and in the left-hand side,

as x ranges from O to a, the value of x/Na ranges
from O to 1/N. Hence, for values of N > 1 the value
of x/Na is always less than unity end equation (51) is
not valid. The curvature is therefore finite if N > 1
and Ry # O.

Tllustrative examples.- Figure 1ll. presents line-of-

sight paths _and the corresponding rates of curvature for

= -}459, 0°, and L5°, The coordinates of the pursuit
paths have been divided by Na and rates of curvature
have been converted to degrees and multiplied by Na so
that they are of a nondimensional nature. They can be
used to derive paths corresvonding to the values of 3 = O°
and 1L,5° for any values of ¥ and a.
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EFFECT OF ANGIE OF ATTACK AND SIDESLIP

Tt will be recalled that in all of the pursuit
paths that have been discussed no allowance has been
made for aerodynamic forces that would act on & missile
if 1t attempted to fly eny of the derived paths. 1In
the case of an aircraft that makes turns by banking, the
principal factor arising from aerodynamic forces is an
increase in angle of attack required to compensate for
the loss in 1ift due to banking. With a target-seeking
missile, as the angle of bank and corresponding angle of
attack are increased, the axis of the field of view of
the target seeker will point above and ahead of the target.
The target seeker will therefore glve signals for nosing
down and turning back toward the target. Consegquently,
the missile will never get into the exact attitude for
making the required turn but will continue, for the greater
part of 1ts course, along a path of less curvaturs than
the theoretical path.

Vhile the missile 1s in a banked attitude and at an
insufficient angle of attack to glve the required 1lift,
a slight eamount of inward sideslip will result. This
factor, howevar, may sencrally be considered nogoligibla
compared with the outward deviation firom the theoretical path.

If the missile is designed to make horlzontal turns
without banking, the important factor arlsing from
dynamic forces 13 that of positive sidesllo or skidding
which again tends to decrease the curvature of the path.

Then elther the effect of an increase in angle of
attack due to turning or the effect of skidding due to
turning 1s proverly taken into account, the analytical
expressions for the flight path generally become unwleldy
and step-by~step methods must be employed to obtaln the
coordinates of the nath. Becsuse of this difficulty the
normal-pursuit and constant-navigation paths that have
finite rates of curvature can, by proper cholce, be used
to best advantage by conslidering them as boundaries of
actual two-dimensional paths that might be obtalnsd by
constant navigation., For example, suppose that, for a
given misslile with the targset sesker fixed for normal
pursuit, it is known that 1< N< 2 and, at the point
of maximum curvature of the path, the angle between the
theoretical and actual direction of the axis of the
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target seeker is Bmax' If the target seeker is then
rearranged for constant navigation with o = f,.., &

reasonable assumption is that the actual path will be
between the normal pursuit path and the path obtained by
constant navigation with ¢ = ﬁmax' In fact, the actual

vath would be expected to be near the constant-navigation
path at the beginning of the course, to approach the
normal pursuit path at the noint of maximum curvature,
and then to approach the constant navigation path toward
the end of the pursuit. Thus, if tall chases are to be
avoided, the voint of maximum curvature should be near
the beginning of the course so that the missile would
have time to recover from maximum deviation from the
theoretical path or the value of O should be made so
large that the path never approaches a normal pursuit
path.

In the case of proportlional navigation for n 22
and for values of {2 in the range that cause the
maximum curvature to occur at the initiel point of the
pursuit path, the effect of increased angle of attack or
of sideslip can be made insignificant by launching the
missile so that it leads the target by the proper amount.

In the case of normal pursuit for N > 2, constant
navigation for A > 2 and oroportionsl navigation for
ne2 and values of {2 that give infinite curvature at
the end of the nursuit path, if N 1is made large enough
to require 1ittle turning before the missile 1s very
near the target, effects of angle of attack and sideslip
are negligible.

with line-of-sight navigation, the target seeker 1is
not mounted in the missile. The orientation of the missile
1s therefore not necessarily a factor In determining the
navigation. In other words the path of the missile is
unaffected by angle of attack or sideslip for this case.

CONCLUSIONS

A discussion wes given of four possible methods of
using a target seeker to make a missile pursue a moving
target, namely, normal pursuit, constant navigation,
proportional navigation, and line-of-sight navigation.
The following conclusions are drawn from the results:
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l. Normal nursuit.- Normal pursuit paths with finite
curvatures are obtained only when the ratio N of the
velocity of the missile to that of the target is 1n the
range 1< NS 2. For given values of N and the initial
angular position 0 of the target, the curvature at any
point of the path is inversely proportional to the initial
distance R; between the missile and the target. For
given values of R, and N the path improves as Q
increases from the smallest value it can have to the

largest value it can have (-§-< Q< g). RPegardless of

the values of N, Rqy» and {3 the path ends up tangent
to the path of the target.

For values of N 1in the range 1< N< 2 the value
of the curvature 1s zero when F = O and has a maximum
value correspending to some value of R # Ry, If the
maximum curvature occurs near the end of the pursuit the
effect of increased angle of attack or of sideslip might
orevent the missile from making the prescribed turn and
thereby cause 1t to miss the target. If the misslile does
make the turn it will end 1ts pursuit in a tall chase
where it 1s most wvulnerable to destruction by crewmen
nf the target.

For values of N > 2 the curvature is infinite
when R =0. Tf N 1s made large enough, pursuit paths
are obtained that have very little curvature until the
missile is so near the target thet it can be considered
to have hit the target. %™ th such a path tall chases are
avolded and effects of increased angle of attack or of
sideslip are insignificant.

2. Constant navigation.- Pursult paths obtained
from constant navigation have finite curvature only if

N cos o
the value of A = s where o0 1s the constant

Vé - ¥sin®o '
angle of lead, is in the range 1< A <2 and N < 2.
For given values of N, , and ¢ the value of the
curvature at any point along the nath is generally
inversely proportional to Ry. If the relation between N,
Q, and ¢ 1is such that 1 = ¥(90 - E), straight-line
naths are obttained.

For values of A in the range 1 < A< 2 the value
of the curvature i1is zero when R = 0 and has a maximum
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value corresponding to some value of R # Ry. The effect

of increased angle of attack or of sideslip 1s the same as
for normal pursuit. Tail chases might occur 1{f ¢ is small.

For values of A > 2 the curvature is infinite when
R=0 but,if A 1s made large enough,pursuit paths are
obtained that have very little curvature before the missile
i1s near enough the target that it can be considered to have
hit the target. Tail chases are avoided by such a path and
the effect of increased angle of attack or of sidesllp are
insignificant.

3. Proportional navigation.- Proportional navigation
appears to be by far the best of the methods considered
for using a target seeker installed in a missile. With a
2:1 rate of navigation pursuit paths with finlte curvature
are obtained where (N sinQ +1) 2 O, For given values of N
and  the curvature is inversely proportional to Rg. [lor
given values of R, and Q2 the paths improve as N increeses.

For rates of navigation higher than 2:1 the paths
improve as N 1increases. The maximum curvature generally
ozcurs &t the initial point of the pursuit path and can
be reduced by launching the missile so that it slightly
lenls the target. Higher rates of navigation may have
adverse effects on the stability nf the missile, other-
wise they glve better naths.

Tail chases are not encountered for any value of
N> 1 and the effect of increased angle of attack or of
sideslip 1s not significant so long as the curvature is
reasonably small.

i, Iine-of-sight navigation.- The curvature of line-
of-sight naths 1is generally finite. It 1s dependent
uwoon N, Rg, and f2 and is more favorable for larger
values of Q> 0, ard for larger values of N. Angle
of attacl” and sideslip have no effect on the path because
the target seeker is not mounted in the missile. -

Langley Memorial Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Field, Va.,
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